A parabolic equation for the propagation of periodic internal waves in the varying stratification and topography environment is derived using the multiple-scale perturbation method. Some computational aspects of the numerical implementation are discussed. The results of numerical experiments on propagation of an incident plane wave over a circular-type shoal are presented in comparison with the analytical result, based on Born approximation.
Introduction
The parabolic equation method, as an approximation to some elliptic problems, have been extensively used in mathematical physics. It was introduced by Leontovich & Fock [1] in the theory of electromagnetic wave propagation, applied in monography of Babich & Buldyrev [2] to various diffraction problems and developed by Tappert [3] and his successors in underwater acoustics. Later it was appeared also in the theory of surface water wave propagation in works of Liu & Mei [4] , Radder [5] , Kirby & Dalrymple [6] and others. Since that, it has been proven through the contribution of several authors to be an effective model for dealing rapidly and accurately with propagation problems in coastal areas.
The aim of our work is to obtain an equation of this method for the internal wave propagation in the most simple cases and briefly discuss related computational aspects. In the acoustic case such an equation was firstly derived by the factorization method in [7] and later by the multiple-scale method in [8] and [9] . These works are the natural predecessors of our study.
As an illustration we present some numerical calculations performed in the case of refraction of the incident plane wave on a circular-like shoal.
Formulation and scaling
The system of linear equations, describing small amplitude motions of stratified inviscid fluid with harmonic dependence on time t by the factor e −iωt , from which we are starting, is
Here x, y, and z are the Cartesian co-ordinates (vertical axis is directed upward), ρ 0 = ρ 0 (z) is the undisturbed density, P is the pressure, g is the gravity acceleration, ρ 1 = ρ 1 (x, y, z) is the perturbation of density due to motion, and u, v and w are respectively the x, y and z components of velocity.
We consider these equations with the boundary conditions
where H = H(x, y) is the bottom topography.
To begin the multiple-scale procedure [10] , we introduce a small parameter ǫ, the slow variables X = ǫx and Y = ǫ 1/2 y, the fast variable ξ = (1/ǫ)Θ(X, Y ) and expand the dependent variables as follows:
The scaling used in the definition of the slow variables is characteristic for the parabolic equation method [1] .
From now on we assume that
so H 0 and ρ 0 depend on X only, and expand ρ 1 in power of ǫ ρ 1 = ρ 10 + ǫρ 11 + . . . .
Substitution these expansions into the system (1) and the boundary conditions (2) and change the partial derivatives for the prolonged ones by the rules
leads to the system of equations
with the boundary conditions
3 The parabolic equation
Equating coefficients in Eqs. (3-9) of like powers of ǫ, we obtain equations describing u l , w l , v l+1/2 , l = 0, 1, . . ..
At the order −1/2 in ǫ we obtain from (4)
and put Θ Y = 0, so in the sequel Θ depends only on X, Θ = Θ(X).
At the zeroth order in ǫ we have
After substitution in Eq. (3) ρ 1 from Eq. (3) we get
Twice differentiating this equation with respect to ξ and using the expression
obtained from Eqs. (10) and (11), we get
We seek a solution of this equation int the form of WKB-type anzatz w 0 = A(X, Y )φ(X, z)e iξ , where φ is an eigenfunction with the eigenvalue
of the spectral problem
normalized by the condition
This problem is known as the main spectral problem of the linear internal wave theory.
At the order 1/2 in ǫ we have the only equation
The system of equations at the first order in ǫ is
and
Expanding velocities in Taylor series with respect to z at z = −H 0 and collecting terms at ǫ 1 , we reduce the last boundary condition on z = −H 0
Considerations, similar to those in the derivation of the spectral problem Eq. (13) (the details are given in Appendix A), lead at O(ǫ 1 ) to the equation
Seeking solutions of Eq. (22) which depend on ξ by the factor exp(iξ), we obtain for w 1 the equation
A solution to this differential equation with respect to z with the boundary conditions Eqs. (20) and (21) can be found only when a certain compatibility condition is satisfied, because the right hand side of Eqs. (23) and (21) contain the solution of the spectral problem (13) . The compatibility condition yields the required evolution equation for the amplitude function A
which we call the parabolic equation for periodic internal waves. For detailed derivation see Appendix B.
For the numerical calculation of the coefficients of the Equation (24) can be used, in principle, any algorithm for solving the spectral problem Eq. (13) . Some problems arise with the derivatives, namely, k X and φ z (−H 0 )).
To avoid the numerical differentiation in the calculation of k X we differentiate the spectral problem Eq. (13) with respect to X and get the boundary value problem for φ X
The compatibility condition for this problem is
which gives the stable formula for the numerical calculation of k X /k (modulo the calculation of φ z (−H 0 ))). In the important special case, when only the bottom topography changes we have
Now we derive formula for the stable calculation of the derivative φ z (−H). To do this, we multiply Eq. (13) by z and integrate from −H 0 to zero. After integrating by parts and some transformations we get
If ρ 0 , ρ 0z ∈ L 2 (−H 0 , 0) (the space of square integrable functions), then by the normalizing condition (14) φ ∈ L 2 (−H 0 , 0), and this formula defines a bounded linear functional on L 2 (−H 0 , 0).
Numerical experiments
The numerical experiments were conducted for a fluid with an exponential density stratification ρ = exp(−γz), where γ > 0. In this case the complete set of normalized solutions of the spectral problem Eq. (13) is
where C is the normalizing constant From Eqs. (25) and (26) we have also
For the numerical experiments the problem of the scattering of the incident plane wave of a given mode on the localized small inhomogeneities of the bottom topography was considered. So H 0 was taken to be a constant and H 1 describes the inhomogeneity. For the inhomogeneities of the form
where (r, α) are the polar coordinates centered at the inhomogeneity, this problem admits an approximate solution
where n is the number of the incident wave mode, A sn is the amplitude of the nth mode of the scattered field, κ = 2k 2 n − 2k 2 n cos α, G = ω 2 ρ(−H 0 )φ [12] . In order to exclude reflections at the boundaries, the absorbing Baskakov-Popov boundary conditions were used [13] , which were adapted to use non-vanishing initial conditions. the Born type approximation scattering results obtained by formula (28). The results for the 1st mode are analogous.
Conclusion
For the propagation of periodic internal waves over uneven bottom topography with small irregularities, the narrow-angle parabolic equation (24) has been derived. It also take into account slow, but not necessary small, variations of bottom topography and density in principal propagation direction.
The results of numerical simulations support the validity of equation (24) in the scope specified during its derivation. We have illustrated the use of the obtained equation by presenting the results of scattering of the plane internal waves over a shoals of a special forms (27). The results of computations are in a good agreement with the analytical solution (28), obtained in the frame of the Born approximation.
A The derivation of the equation (22)
From (17, 19) we obtain
From (16) we get
From (18), taking into account (15), we have
From (10) we get From Eq. (11), taking into account that u 0 and w 0 depend on ξ by the factor e iξ , we have
and thus
which yields the required parabolic equation.
